In [3] the author gives a very down-to-earth construction of an embedding of an arbitrary reduced commutative ring R into a Baer ring RB by an R-compatible ring homomorphism. However: the mapping property claimed in [3] does not hold in the generality stated there: an extra condition on the ring is necessary.
In [3] the author gives a very down-to-earth construction of an embedding of an arbitrary reduced commutative ring R into a Baer ring RB by an R-compatible ring homomorphism. However: the mapping property claimed in [3] does not hold in the generality stated there: an extra condition on the ring is necessary.
In this paper our main task is to correct that result. We achieve this goal in Theorem 2.2 where we prove that R CT RB is a universal embedding if and only if every R-compatible homomorphism h: R + S from R to a Baer ring S satisfies condition (B): for all given elements Y, b,, . . . . 6, (t z 1) of R, if Y belongs to all minimal prime ideals containing bi, 1 < id t, then h(r) belongs to all minimal prime ideals containing k(bi), 1 <i< t, and in Theorem 2.12 where several other conditions are given. We also show that if R is reduced, a polynomial ring over R automatically satisfies these conditions.
In Section 3 we construct a ring which fails to satisfy the conditions of Theorem 2.12 hence proving that the correction is necessary.
We are indebted to K. Prikry for pointing out a gap in the proof in [3] which eventually led to this Note and to M. Hochster for the hospitality and valuable discussions during the preparation of this Note. SECTION 1 In this section let us briefly recall from [3] some notation, definitions, and the construction of RB. First of all, we shall deal with commutative rings with unit. If a is an ideal of the ring R, a-= {r E R 1 ra = 0} is the annihilator of a and is an ideal. Sometimes we shall write Anna instead of aL. For an element a of R, we shall denote by (a) the principal ideal Ra. An element e of R such that e2 = e is said to be an idempotent. Finally, p (resp. m) will denote a prime (resp. maximal) ideal of R. DEFINITION 1.1. A Baer ring is a ring such that the annihilator of every principal ideal is principal and generated by an idempotent element. DEFINITION 1.2. Let R, R' be rings. A homomorphism h: R -+ R' from R to R' is said to be R-compatible if whenever (aj' =(b)', ct, be R, then
When (a)' is principal and generated by an idempotent, this idempotent is uniquely determined by a, and we denote it a*. We write a0 for 1 --a*. Note that a is idempotent o a = a3 o a * = 1 -a. Therefore Definition 1.2 can be rephrased as follows:
(C). h is an R-compatible ring homomorphism implies that if J* exists, then h(a)* exists and, in fact, h(a)* =h(a*) (since (a): = (a*j= (l-a*)'~h(a)~L=h(l-a*)~=(l-Iz(a*))-j.
If R is a Baer %3, then ai=,$ioa*=b*ol-a*= l--b*o(l-a*)-=(l-b*)i and u--=(1-a*)',
Then (C j = h(u*) generates h(a)l and h(b*) generates h(b)', and since a* = b*, h(a*) = h(b*) and h(u)l = h(b)i. DEFINITION 1. 3. An R-compatible homomorphism between two Baer rings is termed a Buer homomorphism.
Construction of RB following [3, Theorem 1] Let R be a reduced ring. Set X= Min(R) (i.e., the set of all minimal prime ideals of R endowed with the inherited Zariski-topologyj. For any XE X. px will denote the minimal prime ideal of R corresponding to the point X. Set g = nT,, X (R/p,) where R/p, is an integral domain. It is not difficult to prove that R has the strongest Baer property, that is, the annihilator of every ideal is principal and generated by an idempotent (see [4, Theorem 4 .11 I). In particular, W is a Baer ring.
Of course, the map i: R + 9, where for each x i(r), = r + p,: is injective since R is reduced and is R-compatible. However, as 9 can be very big if Min(R) is not finite, in [3] we aimed to find a smaller Baer ring in between. The construction goes as follows. Let us think of R as sitting inside 9%'? i.e., identify R with i(R) c W. Hence an element r E R is a family (r,) ,E x where r, = r + p,. Set and then let r* = 1 -r3. The operations -* and -' are all to be carried in W. Note that if rE R and r3 or r* exists in R, then i(r)" =$I-") and i(r j* = i(r*); hence i is an R-compatible monomorphism. Note also that (P)' = (r*) in R. Now let us consider RB, the subring of W generated by the elements r, r*: YE R. It is shown in [3, Theorem 11 that RB is a Baer ring. However: the universal property for the map i: R -+ RB does not hold under such a general hypothesis on R. Some restriction is needed.
In the next section we shall provide the appropriate correction and: in Section 3: we shall exhibit an example of a ring failing to satisfy the extra condition.
In particular we shall prove (see Theorem 2.2)
THEOREM. The following conditions on a reduced ring R are equicalent.
(I) For every R-compatible homomorphism h: R + S from R to a Baer ring S there is an induced Baer homomorphism h ": RB + S such that for all r E R, h#(i(r)) = /z(r) and h#(i(r)") = h(r)'.
(2) For every integer t 2 1 and elements r, bL, ..,, b, of R, if r belongs to all minimal prime ideals of R containing bi, 1 d i < t, then h(r) belongs to ali minimal prime ideals of S containing h(bi), 1 < i 6 t. %iCTION 
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In this section our aim is to restate Theorem 1 in [3] correctly. Heading to this goal let us investigate in detail what is needed for the "universal" mapping property to hold.
The question is: Given a reduced ring R so that one can construct RB, is it true that, for every Baer ring S and for every R-compatible ring homomorphism h: R -+ S, h factors through the R-compatible monomorphism i: R + RB1 In other words, is there a Baer homomorphism h# : RB + S which extends h? If that were true as stated in [3] , it should also be true that whenever Canite riaF = 0 in RB, then Ccnite h(ri) h(ai)" = 0 in S and we shall see that this is not so in general (see Sect. 3).
To gain a better insight into the matter let us provide another construction of RB. Let (X0 1 aE R} be a family of indeterminates indexed by R. Set
Hence T= R+C,.. Set j = Ker(t). We obtain Scheme 1. (Note: i denotes lowercase German jay.) SCHEME 1 Comment. We first get a map Ii from the polynomial ring R[X,]~E R] to S by Xat-+Iz(a)'. Since h(a)" is idempotent, h kills &"&X0: and,
Since <: T,j + RB is an isomorphism, the existence of h": RB -+ S will follow from the existence of h*: 7',Ii -+ S which makes the above diagram commute. Clearly, h* exists if and only if h' kills i.
As it is sufficient to show that L kills generators of i, let us write the elements of j as a sum of "simpler" elements. LEMMA 2.1. In T ecery element can be written as a sum of expressions incolt;ing mutually orthogonal idempotent-F in the sense we make precise below in formula (3).
ProoJ Pick an element x of T, hence x = r. 1 + r!x,, + . . . + r,x,_. As X;=xUt .Y'=Y and x*=1--.xU, hence xz~,*=C! and x,+.)cf=l. Q.E.D.
IJl. ...,im)E2m
In particular, an element x of T with a fixed representation as in (3) belongs to 1 if and only if x rj, _. .,im a+ ... &k = 0 which implies that each term of the sum is 0.
Then, the question of whether &kills 1 reduces to the question of whether We have thus shown In fact, let r, u E R be such that rL = u-. Two cases are possible. 1st Case. If r (or U) E i, then u (or r) E i, hence R= i:' = U-. 2nd Case. Assume r$ i and ?l# U'. Then there exists an element in R such that i. Y= 0 and i. U # 0; that is, tr E i and tu $ i, a contradiction since r' = 24-=a (tr)l = (tu)l for all t E R, because R is reduced (see Proposition 2.3). Conversely, let ~0: R + R' be an R-compatible homomorphism. Set i = Ker q. Let r, UE R have the property that r-= u'. If rE i, then R' = (qr)l = (qpu) i which implies qpu = 0 hence zl E i. Note that we do not need R to be reduced in this part.
For the proof of (1') see [8] , for the proof of (3) see [l] . (2') follows from (2). 
. t, contains h(rf ) = h(r) h(f ), a contradiction since qC does not contain h(f) h( -)
t an is a minimal prime containing h(b,j, d . i= 1. . ..) t.
Q.E.D.
For the next result we need some notation. Let R be a reduced ring. For an element r of R, set I'= Min(R,), while X= Min(R). Let X;= ix E x:ir 4 p,>. There is a canonical homomorphism r~ from X, to I< Let P:IL.~R~P.~FI,.~, R/p, be the restriction map.
THEOREM 2.12.
(R-lB z PW~)~(;(,,,.
There are natural isomorphisms (R"), = ( RB)iC,j z ProoJ: Let pB be the restriction of p to RB so that pB: RE -++ p(RB). Set i = Ker(pB). i consists precisely of the elements of RB vanishing on Y, whence i = i(r)' = lJ,(i(r)")'. Therefore the induced map p$,: (RB)iC,, + MRB))pup,, is an isomorphism. Let j: R, + nJ E y R,/py be the map for R, which corresponds to the map i for R defined earlier. The maps pier) and $ in the commutative diagram below are easily seen to be isomorphisms. (Here, if g E JJ,, X, R/p,,
is identical with (R/p,),.) By definition, (R,)B is the subring of nJ-E y R,lpy generated by the elements j(f), fe R, Proof: Choose an element r of R and let k: R, + T be such a homomorphism. Note that k(r/l) is invertible in T. First we get an R-compatible map h: R +V R, -+k T, hence there exists h* : RB + T such that h# 2 i = k 0 cp = h. By localizing RB at i(r) we get a map q*: R, -+ (RB)iC,, by the universality of R, and also a map (RB)iC,, -+ T since h(r) is invertible in T. Hence by the isomorphism (RB)i,,j z (R,)B established earlier we obtain a map (R,)' + T which says that k satisfies (B).
Our task is at end since we can prove THEOREM 2.14. TFAE on a reduced ring R.
(1) Every R-compatible homomorphism h: R + S from R to a Baer ring S satisfies condition (B).
(2) R 4 RB is a universal R-compatible embedding.
(3) A proper B-ideal of R, has no dense finitely generared subideal, ftir all r in R. (4) A prime B-ideal of R, has no dense finitely generated subideal, ftir ali r irl R.
(5) Euery R-compatible map R, -+ K satisfies condition (B, j ,for all ,GeEds K and r in R.
ProojI (1) (5)a (1). If not, let h: R -+ S fail to satisfy condition (B), i.e.: there exist elements r, bl,..., b, in R such that r belongs to all minimal primes of R containing bi, 1 < i < t, but h(r) 4 q a minimal prime ideal of S which contains h(bi), 1~ id t. By localizing at r and h(r) and then taking the fraction field K of Shcr,/qShrr, , we obtain an R-compatible map R, -+ S/z(r) + S/,dqStr,.rj -+ K which maps the finitely generated dense ideal (b,, . . . . 6,) to (O), a contradiction.
Next is a result, interesting in itself, which implies that for a reduced ring R, the embedding R[X] 4 R[X]" is automatically universal. In this section we shall exihibit a ring which fails to satisfy condition (B,) and hence the conclusion of Theorem 2.12 does not hold for it. Therefore, Theorem 1 as stated in [3] is not correct.
We shall construct a reduced quasilocal ring (R,, m,) and elements x, J E m, such that xl n?:' = (x,y)-= (0), but every element of m, is a zerodivisor. It is then immediate that R, -++ KU/m0 is an R-compatible map from R, to a field K, which does not satisfy (B.:) or (B). Hence R, cs Rz does not have the universal mapping property and this is not the universal Baer embedding of R,. As an example of a ring to start with take R = KfX, YJ, K a field.
For the ring (R,, m,), the canonical projection 7~: R, -+ Rw/mw = K, is R-compatible in that a-= bl in R,e a-=&I, m, is a prime B-ideal containing the finitely generated dense ideal (X, Y), hence by Theorem 2.12 the map R, + Rf: is not universal.
